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Main aim

o Classification of quasi-harmonic oscillation
equation with respect to feedback
transformations.
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Problem formulation

Consider the following differential equation:

d2
TS+ fyw) =0, (1)

where the functionf(y, ) is smooth. Here w is a scalar control
parameter. The problems of equivalence and classification for such an
equation with respect to the feedback transformations:

¢ (z,y,u) — (X(z,9),Y(2,9), Uz, y,u)) (2)

are solved.
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Admissible feedback transformations
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Denote a space of 2-jets of smooth functions by J2(R?). Then the
canonical coordinates of this space are:

Uy Ty Yy Yz s Yus Yzas Yuz s Yuu-

In the space considered equation (1) specifies a hyper-surface:
gf = {yw:v + f(y>u> = O} - J2(R2)>

thereafter also called a control-parameter-dependent quasi-harmonic
oscillaton equation (QHOE).
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Let & and &, be the equations of the form (1) corresponding to
functions f and g accordingly. Suppose that

P (&) = &, (3)

for some function g, where the prolongation of feedback transformation ¢
to the space of 2-jets is denoted by ©(2). Then (3) is equivalent to:

(2) o + F(5:10) = Aoz + 9(y, ),

where )\ is a function at J?(R?).
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Having followed an approach proposed by Sophus Lie, consider
infinitesimal transformations:

i (@, u) — (Xi(2,9), Yi(, ), Ur(u)) (4)

instead of generalized point transformations (2).

Here Xy (z,v),Yi(x,y), Ui(z,y,u) are the smooth functions of a
parameter t.

At t = 0 (g is an identical transformation. It means that:

X()(xvy) =z, YO(%?J) =Y, U()(Cﬁvyﬂl) = u.
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Determination of vector fields-1

Let us find the vector fields as follows:

0 0 0
X:A(Jc,y)afx—&-B(x,y)afy—&—C(u)%. (5)

Thereafter the prolongations of vector fields and infinitesimal
transformations in the space of 2-jets are denoted by X (?) and <,o§2),
respectively.

The class of equations operated by infinitesimal transformations is
preserved under the following condition analogous to (3):

(301(52))* (yxz + f(y7 u)) = )‘t(yml’ + gt(ya u))7 (6)

where )\; is a local one parameter family of functions at J2(R?), and
gt(y,u) is a local one parameter family of functions of variables y and w,
such that:

Ao =1, g()(yvu) = f(ya 'LL). (7)
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Determination of vector fields-2

0

0 9]
X:(am—&-ﬁ)a—x—k(w—l—%ay—i—éy)a—y—&-C(u)%. (8)

Here «, 3,7, d are arbitrary constants and C(u) is an arbitrary smooth
function. Hence any vector fields preserving a class of equations (1) can
be presented as a linear combination of the following basic vector fields

with respect to feedback transformations:

0 0 0 0
Xlzf X2:77 X3:y(97y7 X4=377) X5:C(’U,)7.
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Local translation groups along vector fields

o1, (zy,u) — (24t y,u),
pot: (T,y,u) — (T, y +t,u),
P31t (2, y,u) — (2, e'y,u),
Gar: (z,y,u) — (ela,y,u),
w51 (z,y,u) — (2,9, U(w)).
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Action of transformations on QHOE

Transformation 5 ; doesn't change the form of equation (1).

(2)

Applying transformations ¢, gpft) to the left side of (1) result in:

(#8)) (oe + £ 0) = yoa + fly + t,0)
(‘P ¥ ) Yoo + [y, 1) = Yoo + 7 f(y,u),
(3
(v

X
Ps &) )* (Yoo + f(Y,0) = Yuu + f(y,U(w)).

*

y:r:z: + f y> )) = Yz + eitf(%u)’
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Differential invariants of quasi-harmonic oscillation
equations
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o Construct a trivial vector bundle with a base R?:

m:R® = R, T (y,u,z2) — (y,u).

e The smooth functions

Sft (y,u) — (y>uaf(yvu))

are the sections of this bundle.
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Transformations gpfg - gpé%? form a Lie pseudo-group.

Correspondent vector fields are the following:

0 0 0 0
a_ya }/Q_ya_ya Y;;—Z—, YZL_H(U)_>

Y pr—
! 0z ou

where H is an arbitrary smooth function.

These vector fields form a Lie algebra G.

The differential invariants of equation (1) are the differential
invariants of the Lie pseudo-group generated by a set of vector

fields Y7, Y5, Y3, Yi.

D.S. Gritsenko Differential invariants of feedback transformations for QHOE 14/04/2014



Differential invariants

Let J*(r) be the space of k-jets of a bundle 7 and
Yy U, 2, Za, 2y, Zuas 2wy, Zyys - - - DE the canonical coordinates at this space.
Denote the prolongations of vector fields Y;(i = 1,...,4) to the space

Jk:(ﬂ_) by Y'l(k)

Definition

The function J at the space of k-jets J*(7) smooth in its domain and
rational with respect to variables z, on the fibers of bundle 7 is called
differential invariant of order < k of Lie (pseudo-)group G if it is a
constant on the orbits of prolonged Lie (pseudo-)group G*).

Having solved the system of differential equations:

Y® (1) =0, (9)

we calculate differential invariants of order < k of Lie pseudo-group G for
any Y € G.
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Basic second-order differential invariants

The system (9) being solved at k = 2 gives:

Theorem
Functions R Lo
yy yu
Jon =5, Ja2=
z Em

form a complete set of the basic second-order differential invariants,
i.e.any other second-order differential invariants are the functions of Jo;
and J22.
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Invariant differentiations of feedback transformations
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Operator
d d
V=M—+N— 10
dy g du (10)

is called G-invariant differentiation if it commutes with every element of
any prolongation of Lie algebra G, where M and N are the functions on
the jet space.
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Invariant differentiations

Differential operators
z d
Vi=—— 11
1 Zy dy’ ( )
z d
Vo= —— 12
2= o (12)
are G-invariant differentiations. )
Here
i—g-kzg—kz i—kz i—k
d’(j a 82,/ v 82 r (92’;,; e 82:1:3; ’
i—é—kzg—kz i—i—z i—i—
du  Ou Y9z T"oz, D e

are the operators of total differentiation with respect to the variables y
and wu.

D.S. Gritsenko Differential invariants of feedback transformations for QHOE 14/04/2014



Algebras’ of differential invariants dimensions
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Let us remind that Lie algebra is generated by the following vector fields:

o o o o
Y: = Yi=Hu)p .

Hyper-surface z = 0 divides the space J°() into two connected
components. Lie pseudo-group G operates transitively at any connected
component.
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Theorem

Quasi-harmonic oscillation equation differential invariants’ algebra is
generated by second-order differential invariants Jo1, Joo and invariant
differentiations V1 and V5. This algebra separates regular orbits.
Algebra’s of differential invariants of order < k dimensions are equal to:

_ KB +k-2

Vi D)
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Equivalence problem
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Regular equations

Definition

Let us call an equation &; regular, if

dJ21(f) A dJaa(f) # 0.

Here J(f) — is the value of the differential invariant .J on the function

f= f(yau)

In a case of regular equations the coordinates y, u can be replaced by the
functions Jo1(f), Joo(f) on R2.

Since the functions Js1(f), J32(f) and Js3(f) are also the functions of
Y, u, there exists a functional dependence between the functions Js1(f),

J3a(f) J33(f) and Jai, Joo:
J3i(f) = pi(J21(f), J22(f))-
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Suppose that the functions f and g are real-analytical. Two regular
equations £¢ and &, are locally G-equivalent if and only if the functions
®,¢ and ®,, identically equal (i = 1,2,3) and 3-jets of the functions f
and g belong to the same connection component.
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Canonical forms

The following equations specify some of canonical forms resulted from
equation of class (1).

Theorem

The equation (1) is locally equivalent to the following equation

Py bw)"
dxz? nn

y* =0
with respect to feedback transformations if and only if

_ 2 _
M) =" () =1, Jn(f) =g,

n

Jsz(f)zn;1, J33(f) =0

for some natural number n.
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Jo1 =0, Jao=1, J31 =0, J32=0, J33=0.

The equation (1) is locally equivalent to the following equation

d2
d%; + a(u)y + Bu) =0

if and only if Jo1(f) = 0.

| A

Theorem

The equation (1) is locally equivalent to the following equation

Y 4 a(w)? + Bluy +v(w) = 0

dx?
if and only if J31(f) = 0.
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@ The classification problem for a control-parameter-dependent
quasi-harmonic oscillation equation with respect to feedback
transformations has been solved.

@ The structure of the algebra of differential invariants has been
described.

@ The equivalence problem has been solved.

@ Some canonical forms have been specified.
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Determination of vector fields-3

Taking the derivative of (6) with respect to ¢ at ¢ = 0 and accounting for
(7), we obtain:

J o L d

dt |, (@t ) Wee + Fyw) =20 G| (oo T ey, u))F (13)
| d o)) G

+ (yzm +g0(y, LL)) E - = dt o gt(y,u) + (yrz + f(yau)) dt o

The left side of (13) is a Lie derivative along the vector field X () of a
function Y., + f(yo, u). A restriction of the last equality of (13) on &; is:

LX(Z) (wa + f(y7 u))‘gf = /\OG(y’ U), (14)

where

d
G(ya U) = % (yrl + g (ya U’))
t=0 Er
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The prolongations of the vector fields to the

space of 2-jets

Y1(2) — v,

(2) 0 0 0
Y :Y*17*2117721u77

2 27 % 0zy vy 0zyy 2y 0zyu

@) 1o} 0 0 0 0
YS }/'3 +Zya +ZU8 +Zyya +Z’yuazyu +Zuu62uu7

0 0 0
Y4(2) =Y, — Hu(u)zug — Hu(u)zyuy — (Huu(u)zu + 2Hu(u)zuu) Er
u Yu uu

D.S. Gritsenko Differential invariants of feedback transformations for QHOE 14/04/2014



Basic third-order differential invariants

Resolving system (9) at k = 3 we obtain

Functions
2 2 2
T C® Jer By ® Jow ZyuuZ” Zuu?
31 — 3 b 32 — 2 b 33 — 2 22 2
z, Zy 2y Gy 2

form a complete set of the basic third-order differential invariants.

D.S. Gritsenko Differential invariants of feedback transformations for QHOE 14/04/2014



Basic fourth-order differential invariants

Functions
3 3
“yyyy® Fyyyu®
Ju = 2t iz = 232y
Y y~u
3 3 2
B=—F% 5 —Jn—) = ———a =33z —Ju—07y
uTy 2y yzu Zu Zu
form a complete set of the basic fourth-order differential invariants.
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Basic fifth-order differential invariants

Functions
z & z & z 2= Zuu?
Jen —Zuyyyy Jeo = Zyyyyu Jeo = Zyyyuu uu
51 — 5 ) 52 — 4 ) 53 — 3.2 — J42 2
zy 252 Zu2y %
4 2
z z B -
yyuuu UU uuw
Jos =5 =— —3Jis—5 — Jso——3—,
zizy 22 &
4 2 3
_ Zyuuuuc Zyu” Zuu” 2 Zuuu Zuuuuf
Jss =———— —3Juu—% —Js3| %) —Jsz——3— —Ja2——;
Ee z Vo 2 b
form a complete set of the basic fifth-order differential invariants.
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Action of invariant differentiations-1

Vi(J31) = 2J31 — 3J21J31 + Ju1,
Va(J31) = 2J31 — 3J22J31 + Ju2,
Vi(Js2) = 2J30 — 2J21J30 — Jaa 30 + Jaa,

(J31)
(J31)
(J32)
Va(J32) = 2J32 — 2J22J32 + Jus,
(J33)
(J33)
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Action of invariant differentiations-2

Vi(Jn) = 3Ju1 — 4Jo1Ju1 + 51,

Vo(Jar) = 3Ju1 — 4JogJa1 + Js2,

Vi1(Ja2) = 3Jaa — 3Jo1Ja2 — Jao s + Js2,
Va(Ja2) = 3Juz — 3J22J 42 + Js3,

Vi1(Juz) = 3Jug — 2J21J43 — 2J22J43 — J33.J32 + Js3,
Va(Juz) = 3Jug — 2J22J43 + Jsa,

Vi(Jaa) = 3Jus — JorJug — AJosJus — J35 + Jsa,

Vo (Jaa) = 3Jaa — J22Jaa + Js5.
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